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Abstract

A macroscopic transport model is developed, following the Taylor shear dispersion analysis procedure, for a 2D laminar shear flow
between parallel plates possessing a constant specified concentration. This idealized geometry models flow with contaminant dissolution
at pore-scale in a contaminant source zone and flow in a rock fracture with dissolving walls. We upscale a macroscopic transient trans-
port model with effective transport coefficients of mean velocity, macroscopic dispersion, and first-order mass transfer rate. To validate
the macroscopic model the mean concentration, covariance, and wall concentration gradient are compared to the results of numerical
simulations of the advection–diffusion equation and the Graetz solution. Results indicate that in the presence of local-scale variations
and constant concentration boundaries, the upscaled mean velocity and macrodispersion coefficient differ from those of the Taylor–Aris
dispersion, and the mass transfer flux described by the first-order mass transfer model is larger than the diffusive mass flux from the con-
stant wall. In addition, the upscaled first-order mass transfer coefficient in the macroscopic model depends only on the plate gap and
diffusion coefficient. Therefore, the upscaled first-order mass transfer coefficient is independent of the mean velocity and travel distance,
leading to a constant pore-scale Sherwood number of 12. By contrast, the effective Sherwood number determined by the diffusive mass
flux is a function of the Peclet number for small Peclet number, and approaches a constant of 10.3 for large Peclet number.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Understanding the transport characteristics in the sub-
surface provides a foundation for assessing and remediat-
ing sites with source zone contaminants. At these sites,
non-aqueous, sorbed, and dissolved phase contaminants
stored in stagnant zones act as a long-term reservoir of per-
sistent loading of contaminants to groundwater passing
through them [12]. Thus, quantifying the mass flux emanat-
ing from the stagnant zones to the relative mobile water
zones has been considered as one of the primary tasks for
characterizing a contaminant source zone and assessing
technology options and decision making.
0309-1708/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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In the past decade, both experimental and numerical
effort has been expended to develop mass transfer correla-
tions for varying hydrodynamic and biochemical condi-
tions to quantify the mass transfer characteristics in
contaminant source zone, particularly in the source zone
contaminated by non-aqueous phase liquids (NAPLs)
e.g., [7,9,17,23,28,32]. Such correlations generally describe
macroscopic behavior, which is the collective outcome over
an ensemble of pores. The purpose of developing such cor-
relations is to identify the key factors that may control the
mass flux released from the contaminant source, and to
incorporate the factors in a macroscopic transport model
to simulate field-scale remediation processes, predict treat-
ment effects, and help design optimal strategies. However,
the critical scale-up issues from pore-scale to larger-scale
are often treated as afterthoughts because the developers
of the remediation technology typically work at the
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bench-scale, where local variations are neglected and mix-
ing is assured e.g., [14,29]. Upscaling pore-scale informa-
tion to macroscopic models in contaminant source zones
is not yet well studied.

In the present study, we focus on an idealized flow
geometry of hydrodynamically fully developed flow
between parallel plates with constant wall concentration,
which mimics the contaminant zone where the mass is
trapped and feeds the system by diffusion. We upscale the
macroscopic transport model with effective transport
parameters including effective mean velocity, macroscopic
dispersion coefficient, and upscaled first-order mass trans-
fer coefficient from the local-scale variations, which are
described exclusively by local transverse coordinates over
the plate gap. The approach is similar to the framework
of the well-known Taylor–Aris dispersion analysis [3,35],
which has been widely used to study macrodispersion
behavior, see [6]. The idealized flow geometry is applicable
to mimic pore-scale NAPL dissolution [30], to illustrate the
segregation effects during reactive transport [18], and to
describe transport in a single fracture with contaminants
stored in the rock matrix [4]. For instance, fractures in
native rock present a difficult technical challenge to waste
disposal because dissolved contaminants can leach into a
fracture, diffuse into the surrounding walls, and affect the
physical and chemical properties of the fracture media
[27]. These contaminants can become trapped in the rock
matrix, which makes remediation very difficult. Con-
versely, as water flows through a fracture, the walls can dis-
solve, i.e. transfer minerals, solutes, or radionuclides from
the fracture walls into the aqueous phase. These dissolved
solutes can subsequently contaminate local ground water.
Furthermore, dissolved minerals can precipitate, coating
the fracture walls, which affects sorption of contaminants
onto the walls. Other applications include the transport
in fracture networks [16], waste management [15], and heat
exchangers [19].

This paper is organized as follows. In Section 2 we
describe the model development, present the upscaling pro-
cedures, and derive the effective macroscopic model. In
Section 3, we compare the analytically derived results to
numerical simulations and discuss the performance of the
upscaled macroscopic model. The conclusion of our find-
ings and recommendations are given in Section 4.

2. Model development

2.1. Governing equation

Taylor [35] and Aris [3] were the first to analyze the mac-
rodispersion coefficient in a 2D laminar shear flow between
parallel plates. In the current work, the inflow has zero
concentration and the solute concentration at the wall
boundaries is specified as a constant (see Fig. 1). Thus, this
geometry represents dissolution of a solute from the walls
into clean fluid or contaminant release from a constant
source at the walls. The current arrangement differs from
that of Taylor [35], which consisted of contaminated fluid
displacing clean fluid in a tube with zero flux at the walls.

For flow between parallel plates the transport equation
can be written as

oc
ot
þ v1ðx2Þ

oc
ox1

� d
o2c
ox2

1

þ o2c
ox2

2

� �
¼ 0 ð1Þ

where c is the concentration of a solute or another passive
scalar quantity, d is the molecular diffusion coefficient, and
v1 is the velocity in the longitudinal direction, x1. The fully
developed velocity profile between parallel plates is

v1ðx2Þ ¼ V 1

3

2
� 6

x2
2

D2

� �
ð2Þ

where V1 is the mean velocity, D is the gap between the par-
allel plates, and x2 is the coordinate in the traverse
direction.

The boundary conditions are constant concentration,
Cw, at the parallel walls,

cðx1;D=2; tÞ ¼ Cw; cðx1;�D=2; tÞ ¼ Cw; 0 < x1 <1
zero concentration at the inlet,

cð0; x2; tÞ ¼ 0; �D=2 < x2 < D=2

and zero longitudinal gradient downstream:

oc
ox1

ð1; x2; tÞ ¼ 0; �D=2 < x2 < D=2

For NAPL dissolution problems, Cw is equal to the satura-
tion concentration in the aqueous phase at the interface be-
tween the NAPL and water. The initial condition is zero
concentration everywhere in the domain:

cðx1; x2; 0Þ ¼ 0; 0 < x1 <1; �D=2 < x2 < D=2

A similar model setup has been used at different scales to
study NAPL dissolution. For example, Sahloul et al. [30]
approximated the pore-scale flow around a single NAPL
ganglion, in which the transverse velocity variation was
considered. Further, Chu et al. [9] upscaled a lumped mass
transfer coefficient for a bench-scale biologically enhanced
NAPL dissolution, in which a macroscopic uniform veloc-
ity field was assumed. And, Lee and Chrysikopoulos [22]
field-scaled NAPL pool dissolution in stratified and aniso-
tropic porous formations, in which velocity variations at
both longitudinal and transverse directions were included.

2.2. Graetz solution

The Graetz solution describes the steady state tempera-
ture field and heat transfer to flowing fluid between parallel
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plates, the same geometry as our model domain. The Peclet
number, Pe = 2V1D/d, describes the relative importance of
transport mechanisms acting on the solute, specifically the
ratio of advection relative to molecular diffusion. For high
Pe, longitudinal diffusion can be neglected compared to
advection (and transverse diffusion) in the transport equa-
tion (Kays and Crawford [19] report that Pe must be
greater than 100). The resulting non-dimensional steady
state transport equation follows from Eq. (1) and can be
written as

2

3
vþ1

o

ox01

Cw � cðx01; x02Þ
Cw � Ci

� �
¼ o2

ox022

Cw � cðx01; x02Þ
Cw � Ci

� �
ð3Þ

where vþ1 ¼ v1=V 1 is the non-dimensional velocity in the x1

direction, Ci is the concentration of the injected solution,
and the non-dimensional coordinates are defined as
x01 ¼ 16

3
1
Pe

x1

D and x02 ¼ 2 x2

D.
This equation can be solved analytically, by use of sep-

aration of variables, for hydrodynamically developed flow
between parallel plates with constant wall concentration
e.g., [26,33,34]. Inserting the separated functional form into
the governing equations yields separate differential equa-
tions with respect to x01 and x02. The solution with respect
to x01 is an exponential function. The ordinary differential
equation with respect to x02 has variable coefficients and
can be solved following the method of Frobenius [38].
The solution takes the form of an infinite series. Combining
the functional forms yields the solution:

Cw � c x01; x
0
2

� �
Cw � Ci

¼
X

Kn expð�k2
nx01Þ

� 1� k2
n

2
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The coefficients, Kn ¼ �2
k2

1
ðdX 2=dknÞx0

2
¼1

, are found using

Sturm–Liouville theory and the first eight are shown in Ta-
ble 1 along with the first eight eigenvalues, kn. Note that for
larger values of n, convergence of the eigenvalue calcula-
tion requires a large number of terms in the series (roughly
100 terms for the eighth eigenvalue shown here). Shah and
London [34], among others, also provide asymptotic equa-
tions for the eigenvalues.

Integrating the concentration field defined by Eq. (4)
across the aperture yields the mean concentration:
Table 1
Eigenvalues and coefficients for the Graetz solution

n kn Kn Zn

0 1.6816 1.2005 0.6194
1 5.6699 �0.2991 �0.3208
2 9.6683 0.1608 0.2420
3 13.6677 �0.1074 �0.2019
4 17.6674 0.0796 0.1768
5 21.6672 �0.0628 �0.1591
6 25.6671 0.0512 0.1458
7 29.6670 �0.0483 �0.1353
Cw � Cðx01Þ
Cw � Ci

¼ 1

2

Z 1

�1

Cw � cðx01; x02Þ
Cw � Ci

dx02

¼
X

Kn expð�k2
nx01ÞZn ð5Þ

where C is the average concentration over the trans-
verse direction, x2, and the values of Zn are also shown
in Table 1.

Agrawal [1], Deavours [10], and Weigand [36], among
others, attempted to extend the Graetz solution by incor-
porating the effects of longitudinal diffusion. In each case,
the boundary conditions were modified slightly to facilitate
the solution procedure, which prevents direct comparison
to the macroscopic transport model presented here.

2.3. Upscaling to 1-D macroscopic transport model

The objective of upscaling is to develop a 1-D macro-
scopic transport model to describe the mean concentration
by avoiding the evaluation of local-scale variations. The
governing equation can be written as

oC
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þ V �1
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ox1

� D�
o

2C
ox2

1

¼ K�ðCw � CÞ ð6Þ

where V �1 is the effective mean velocity, D� is the macro-
scopic dispersion coefficient, and K� is the upscaled first-or-
der mass transfer coefficient.

By applying the small-perturbation method, the velocity
and concentration are decomposed into the cross-sectional
mean and deviation:

v1 ¼ V 1 þ v01 and c ¼ C þ c0 ð7Þ
where the cross-sectional mean is defined by

V 1 ¼
1

D
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1
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Substituting the decomposition into the 2D transport equa-
tion, Eq. (1), gives:
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Averaging each term of Eq. (9) across the aperture, realiz-
ing that the mean of the deviation is zero by definition, and
applying the product rule and continuity equation to

equate v01
oc0
ox1

to o
ox1
ðc0v01Þ yields:
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 !
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The term o
ox1
ðc0v01Þ is the gradient of the covariance between

velocity and concentration and physically corresponds to
the transport of solute due to the velocity variation across
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the aperture. The objective of this analysis is to produce a
Fickian model for this term and the wall concentration gra-
dient term on the right hand side of Eq. (10). Hence, the
model development described below follows on the method
employed by Taylor [35] that involves simplifying Eq. 10 in
order to form a model of the unknown terms, specifically

o
ox1
ðc0v01Þ and oc0

ox2

���D=2

�D=2

� �
. The modeled expressions for these

terms will be substituted into the full version of Eq. (10) in
order to form the 1-D macroscopic transport equation, Eq.
(6).

Subtracting Eq. (10) from Eq. (9), and then linearizing
(i.e. assuming that the product of two perturbation vari-
ables is much smaller than the other terms):
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Assuming longitudinal diffusion is much smaller than
transverse diffusion yields:

oc0

ot
þ V 1

oc0

ox1

� d
o2c0

ox2
2

¼ �v01
oC
ox1

� d
D

oc0

ox2

����
D=2

�D=2

 !
ð12Þ

For small Pe, the V 1
oc0

ox1
term is small compared to the other

terms and hence can be neglected, which is consistent with
Taylor’s analysis [13]. For larger Pe, the term is expected to
be negligible far from the inlet where oc0=ox1 � 0. Neglect-
ing this term and assuming steady state yields:
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Reformulating Eq. (2) in terms of v01 (i.e. v01 ¼ v1ðx2Þ � V 1Þ,
substituting into Eq. (13), and integrating twice with re-
spect to x2 between limits �D=2 and x2 yields:
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Evaluating this expression at the wall (i.e. x2 ¼ D=2Þ and
applying c0ðD=2Þ ¼ Cw � C demonstrates that:
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which verifies that the concentration distribution is sym-
metric about the middle of the aperture. Inserting Eq.
(15) into Eq. (14) gives:
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Integrating Eq. (16) with respect to x2 over the aperture
width and rearranging yields:
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Substituting Eq. (17) into Eq. (16) gives:
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Applying Eqs. (15) and (17) gives the wall concentration
gradient:
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multiplying both sides of Eq. (18) with v01, and averaging
across the aperture gives the covariance term:

c0v01 ¼ �ðCw � CÞ V 1

5
� V 2
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700d
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Now, we have models for the unknown terms in Eq. (10).
By substituting Eq. (19) and the derivative of Eq. (20) into
Eq. (10), the effective mean velocity, macroscopic disper-
sion coefficient, and upscaled first-order mass transfer coef-
ficient, for the 1-D macroscopic transport equation, Eq.
(6), are:

V �1 ¼
7

5
V 1 D� ¼ d þ V 2

1D
2

700d
K� ¼ 12d

D2
ð21Þ

These macroscopic coefficients provide the means to pre-
dict the transport of a solute to flow between parallel plates
with constant wall concentration. The upscaled mass trans-
fer coefficient leads to a constant pore-scale Sherwood
number [30]:

Sh� ¼ K�D2

d
¼ 12 ð22Þ
2.4. Model validation

To validate the macroscopic model, the 2D transport
equation, Eq. (1), is solved numerically using an explicit
finite difference scheme (a similar approach was originally
reported by Schmidt and Zeldin [31]). Other numerical
codes for solute transport are also available to solve this
problem, e.g., [39]. In the finite difference scheme, spatial
derivatives of concentration are approximated by central
differences. Forward difference is used to approximate the
temporal derivative, thus the equation at each grid point
can be solved explicitly from the discrete concentration
field at the previous time step. The number of grid points
in the x1 and x2 directions are 400 and 200, respectively.
The length of the domain was adjusted for each Pe to cap-
ture and resolve the entire developing region. The time step
is based on a Courant-type estimate to insure stability of
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the simulation. The simulation is run to steady state
defined by the convergence to an asymptotic value of con-
centration at each grid point. Prior to the reported simula-
tions, the numerical method was shown to be grid
independent and was validated against the classic Taylor
dispersion problem.

3. Results and discussion

In this section, the macroscopic model is evaluated for
Peclet number in the range 0.01 to 1� 104. A typical value
for molecular diffusivity of cations, anions, and other sol-
utes in water is 0.001 mm2/s. Berkowitz and Zhou [4]
report that for the rock fracture problem the aperture
length is typically in the range of 0.01–1 mm, and the
expected velocity range is 0.001–0.1 mm/s. Thus, for the
rock fracture problem the Peclet number ranges from
roughly 0.01–100, which is comparable for pore-scale prob-
lems [5]. We have extended the upper bound of the range of
interest to 1� 104 for possible applications corresponding
to large Pe, such as many heat transfer problems. For
water with kinematic viscosity of 1 mm2/s the correspond-
ing Reynolds number range is 1� 10�5–10. Thus, we
expect that the flow for this range of Pe is in the laminar
flow regime.

The objective is to validate the macroscopic model by
comparing to the numerical simulation. In addition, we will
compare to the Graetz solution, which is well suited for
large Pe in the steady regime.
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Fig. 2. Mean concentration for (a) Pe = 0.01,
3.1. Mean concentration

Taking the steady state form of Eq. (6) and substituting
a new variable C� ¼ C � Cw yields a second-order ordinary
differential equation with respect to x1:
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The solution is
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Fig. 2 shows the comparisons between the analytical,
Graetz, and numerical profiles. For the numerical simula-
tion profiles, the concentration values at the 200 grid points
in the x2 direction are combined to yield the plotted aver-
age value, and every fourth grid point in the x1 direction
is shown. The mean concentration is zero at the inlet and
increases as dissolution from the wall occurs. Once the
mean concentration reaches the wall concentration, the
concentration distribution between the plates is uniform
and mass transfer ceases. This implies that both the covari-
ance and the wall concentration gradient approach zero,
which is discussed below. For Pe = 0.01 and 1 the macro-
scopic model shows good agreement with the numerical
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(b) Pe = 1, (c) Pe = 100, (d) Pe ¼ 1� 104.
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profile, although it appears to slightly underpredict the
mean concentration for x1=D less than 0.5. As expected,
the Graetz solution performs poorly in this range of Pe

because longitudinal diffusion effects have been ignored.
For Pe = 100 the domain length is much longer due to

the increased velocity (and hence advection) in the x1 direc-
tion. The Graetz solution agrees with the numerical profile
very well, whereas the macroscopic transport model solu-
tion again slightly underpredicts the mean concentration
near the inlet (x1=D < 15). For the Pe ¼ 1� 104 case, the
Graetz solution agrees very well with the numerical profile
which confirms its validity in this range. Overall, the mac-
roscopic transport model gives a good approximation of
the mean concentration profile, especially for Pe less than
100.

The difference between the analytical and numerical pro-
files near the inlet results from the assumption between
Eqs. (12) and (13) that oc0=ox1 � 0. In the current geome-
try, a high concentration gradient exists at the walls as
the dissolution process starts near the inlet. The concentra-
tion profile changes rapidly as mass is transported trans-
versely, hence the variation of c0 with respect to x1 is not
small in this region. Therefore, the elimination of the
V 1

oc0

ox1
term in Eq. (13) leads to the underprediction of C

in Fig. 2. Nevertheless, the macroscopic analytical model
approaches the numerical solution a short distance down-
stream of the inlet, which indicates that the model is robust
downstream. In fact, the macroscopic analytical model cor-
rectly predicts the distance downstream that the concentra-
tion equals, for example, 0.85Cw for each Pe, which covers
a range of six orders of magnitude.

3.2. Covariance and wall concentration gradient

The covariance of Eq. (20) is a good measure of the
model validity because it depends on both the mean veloc-
ity and dispersion coefficient. Fig. 3 shows the comparison
between the analytical and numerical profiles. Only the
Pe = 1 case is shown here because the profiles are similar
for the other cases. The analytical model agrees well with
the numerical simulation downstream from the inlet. The
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Fig. 3. Covariance for Pe = 1.
covariance approaches zero because at large distances from
the inlet, the concentration variation, c0, goes to zero as the
concentration becomes uniform. The covariance is negative
because the concentration and velocity deviations are neg-
atively correlated. For instance, near the centerline the con-
centration is less than the mean (c0 < 0), whereas the
velocity is greater than the mean (v01 > 0). The reverse situ-
ation is present near the walls, therefore c0v01 < 0.

Near the inlet, the numerical solution increases from
zero, reaches a local maximum value then decreases toward
zero. The covariance is zero at the inlet because the cross-
stream profile is uniformly zero, hence c0 is zero. The ana-
lytical macroscopic model deviates from the numerical
solution and fails to capture the change in slope of the pro-
file because the macroscopic model assumes that
oc0=ox1 � 0 as discussed above.

Eq. (19) gives the analytical expression for the concen-
tration gradient in the transverse direction evaluated at
the walls. This quantity is also a good measure of the
model validity because it depends on both the mean veloc-
ity and dissolution rate coefficient. Fig. 4 shows the com-
parison between the analytical and numerical solutions.
Again, only the Pe = 1 case is shown because each case is
similar. The profile decreases to zero because the concen-
tration becomes uniform at large x1. As with the previous
results, the agreement with the numerical solution is good
for large x1, but the profiles show poorer agreement near
the inlet. The steep slope of the profile near the inlet in
Fig. 4, in fact, confirms that the oc0=ox1 � 0 assumption
is not particularly good in this region.

3.3. Time evolution

Eq. (6) also predicts the time evolution of the mean con-
centration (in this section Eq. (6) was numerically integrated
with respect to time). Note that the Graetz solution is only
relevant for the steady state case, therefore comparison in
this section is limited to the numerical simulation of the
2D transport equation. Fig. 5 shows the time record of
mean concentration at three locations for the Pe = 1 case.
The macroscopic model shows good agreement for large
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Fig. 4. Wall concentration gradient for Pe = 1.
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time, but appears to underpredict the numerical solution at
the start of the calculation (t < 80 s). The original Taylor
[35] analysis suffers from a similar limitation because it
assumes that oc0=ox2 is small. This condition is violated
immediately after the flow is started; Fischer et al. [13]
report that time must be greater than 0:4D2=d for the
assumption, and hence the model, to hold.

3.4. Effective macroscopic transport coefficients

It is interesting to note that the upscaled transport
parameters in Eq. (21) show different characteristics from
previous analyses. In the presence of the constant wall con-
centration, the effective mean velocity increases from V1 to
7
5
V 1, partially resulting from the diffusive mass flux from

the wall, which is controlled by the concentration gradient
at the walls, Eq. (19), and partially due to the covariance
between the concentration and velocity perturbation fields,
Eq. (20), which typically only causes macrodispersion.

The asymptotic macrodispersion coefficient, D�, consists
of two terms: one is the molecular diffusion coefficient,
whereas the other is proportional to Pe2, i.e.
D� ¼ d þ Pe2d

2800
. In addition, the macrodispersion coefficient

derived here is smaller than the well-known result for Tay-
lor–Aris dispersion, given by D� ¼ d þ V 2

1
D2

210d ¼ d þ Pe2d
840

, indi-
cating that the mass transfer from the walls decreases the
concentration variation, and that longitudinal diffusion
needs to be considered in a larger range of Pe.

Furthermore, although the mass flux from the wall to
the fluid is a function of longitudinal position, the upscaled
first-order mass transfer coefficient, K* depends only on the
aperture and diffusion coefficient and is independent of the
travel distance along x1 and velocity. If the customary
method, i.e. directly equating the diffusive flux from the
walls to first-order mass transfer, is applied to approximate
the first-order mass transfer coefficient, one can obtain:

Ke
x ¼ K� � V 1

5ðCw � CÞ
oC
ox1

ð26Þ

and

She
x ¼ Sh� � V 1D

2

5dðCw � CÞ
oC
ox1

ð27Þ
where Ke
x and She

x are the effective first-order mass transfer
coefficient and effective Sherwood number, respectively,
determined by the diffusive mass flux. Because oC

ox1
P 0 at

steady state, K� P Ke
x and Sh� P She

x. In other words, the
mass flux predicted by the upscaled macroscopic first-order
mass transfer model in Section 2 is greater than the diffu-
sive mass flux. Substituting the steady state solution, Eq.
(24), for small Pe, into Eq. (27) yields:

She
x ¼ 12þ Pe

10
mD ð28Þ

which is also independent of the spatial coordinate, but is a
function of Pe. Note that m is negative, indicating the effec-
tive Sherwood number determined by the diffusive mass
flux is smaller than 12. For Pe� 1, Eq. (28) can be approx-
imated by (see Appendix),

She
x ¼ 10:3 ð29Þ
Fig. 6 shows the Sherwood number decreases with

increasing Pe. The effective Sherwood number of Eq.
(28), determined by the complete diffusive mass flux from
the wall, is a function of Pe at small Pe, and approaches
10.3 at large Pe.

The Graetz solution of Eqs. (4) and (5) can also be
employed to evaluate the diffusive mass flux from the wall
and the effective Sherwood number for Pe > 100. Substitut-
ing Eq. (5) into (27) leads to

She
x ¼ 12� 8

15

P
KnZnk

2
n expð�k2

nx01ÞP
KnZn expð�k2

nx01Þ
ð30Þ

which is a function of distance from the inlet. For values of
x01 > 0:2 the value of the effective Sherwood number of Eq.
(30), calculated by the parameters listed in Table 1, ap-
proaches 10.5 for all Pe > 100. Hence, the estimate of the
effective Sherwood number in this approach is also a con-
stant, with a value slightly greater than the value estimated
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by the macroscopic analytical model discussed above, Eq.
(29).

4. Conclusions

A 1-D macroscopic transport model has been upscaled
for initially clear fluid flowing between parallel plates with
constant concentration. The transport problem in this ide-
alized geometry may be solved numerically. For example,
the finite difference and Graetz solutions are two solutions
discussed in Section 2. However, our results provide coeffi-
cients of the effective mean velocity, macrodispersion coef-
ficient, and upscaled first-order mass transfer rate (Eq. 21)
for the mean transport equation (Eq. 6). The model is eval-
uated over a wide range of Peclet number (0.01 to 1� 104Þ,
which spans the diffusion- and advection-dominated trans-
port regimes. The mean concentration profile predicted by
the macroscopic model agrees well with a finite difference
numerical simulation of the 2D transport equation, espe-
cially in the range of Pe� 100. The Graetz solution per-
forms poorly in this regime, indicating that longitudinal
diffusion cannot be neglected. Conversely for Pe� 100
the Graetz solution agrees very well with the finite differ-
ence numerical solution. In this regime, the current
upscaled model performs well downstream, but underpre-
dicts the average concentration near the inlet.

The macroscopic model shows that the presence of the
constant concentration boundaries and local-scale varia-
tions leads to the increase of the effective mean velocity
and decrease of the macrodispersion coefficient compared
to the Taylor–Aris dispersion. Further, the model yields a
constant upscaled first-order mass transfer coefficient (the
Sherwood number is 12). In our macroscopic model, the
mass diffused from the walls of constant concentration is
not directly used to approximate the first-order mass trans-
fer coefficient because the diffusive mass flux is also charac-
terized by the change of the first-order moment, i.e., the
effective mean velocity. The effective Sherwood number
determined by the complete diffusive mass flux is a function
of the Peclet number at small Peclet number and
approaches 10.3 at large Peclet number. In contrast, the
effective Sherwood number evaluated by the Graetz solu-
tion is a function of the travel distance, and approaches
10.5 at large distance from the inlet.

The derived macroscopic model can be incorporated
into more comprehensive modeling efforts. For instance,
the model reported herein is more applicable than the Tay-
lor shear dispersion solution for the model developed by
Berkowitz and Zhou [4]. The analytical model can be
applied to precipitation kinetics, which is the reverse of dis-
solution [24]. Furthermore, desorption of solutes from the
walls could be modeled similarly, but the 2D transport
equation would have to contain a retardation factor to
account for sorption processes [37]. Non-equilibrium pro-
cesses may also be employed to describe sorption/desorp-
tion [25]. In addition, the model and the methodology
can be extended to a pore-network [2]. Bioremediation
and the dynamics between the change of the pore geometry
and NAPL dissolution may also be included [8]. Evolution
of the wall position and concentration due to dissolution
would lead to more complex flows that would require solv-
ing the Navier–Stokes equations along the wall boundaries.
Finally, the idealized geometry may be modified to include
variable cross-sectional area [11], wall roughness [20], and
composite porous-media lined channels [21].
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Appendix

For Pe� 1, by neglecting the diffusion coefficient, the
effective macroscopic dispersion coefficient can be simpli-
fied to

D� ¼ V 2
1D

2

700d
¼ Pe2d

2800
ð31Þ

Substituting Eqs. (21), (25), and (31) into (28) leads to

She
x ¼ 12þ Pe

20

V �D
D�

� �
� Pe

20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V �D
D�

� �2

þ 4
K�D2

D�

� �s
ð32Þ

She
x ¼ 12þ Pe

20

7

5

2800

Pe2

V 1D
d

� Pe
20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7

5

2800

Pe2

V 1D
d

� �2

þ 4
12 � 2800

Pe2

� �s
ð33Þ

She
x ¼ 10:3 ð34Þ
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