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Abstract This study experimentally analyzes a turbulent
passive scalar Þeld using two-point and three-point corre-
lation functions of the concentration ßuctuations. The
scalar Þeld was created by the iso-kinetic release of a high
Schmidt number dye into a fully developed turbulent
boundary layer of an open channel ßow. Concentration
data at spatially separated measurement points were col-
lected via the planar laser induced ßuorescence (PLIF)
technique. The current study complements previous
research efforts by examining three-point correlations for
several conÞgurations in a turbulent shear ßow. In the case
of two streamwise-aligned points combined with one
transversely separated point, contours of the three-point
correlation function exhibit the symmetric properties
reported in an earlier study of non-shear ßow. In a second
set of three-point conÞgurations consisting of isosceles and
collinear geometries, the inßuence of the orientation angle
between the three-point conÞguration and the mean con-
centration gradient varies depending on the speciÞed three-
point geometry. The results also suggest that the scaling
exponent in the inertial-convective regime is dependent on
the injection length scale with weak dependence on the
Reynolds number.

1 Introduction

Multipoint correlations of scalar ßuctuations provide a tool
to evaluate the symmetry and scaling behavior of turbulent

passive scalar Þelds (Shraiman and Siggia2000). In gen-
eral, the correlation function associated withN
instantaneous measurement points is:

CN ¼ hðrA; tÞ hðrB; tÞ . . . hðrN ; tÞh i ¼ hAhB. . . hNh i ð1Þ

whererA, rB,..., rN denote the spatial location of the mea-
surement points,h is the instantaneous concentration
ßuctuation at the speciÞed measurement point, andh i
indicates time-averaging. Analyzing turbulent scalar Þelds
by evaluating multipoint correlators deviates from tradi-
tional efforts, which focused on measurements at one or
two points in space or the visual identiÞcation of scalar
structure. Although two-point correlations provide some
insight to the scalar Þeld (see Tavoularis and Corrsin
1981), the presence of ramp-cliff structures and small-scale
anisotropy requires the analysis of multipoint statistics
(Warhaft 2000). Ramp-cliff structures are ubiquitous in
turbulent scalar Þelds and have been observed in shear
ßows (e.g. Mestayer et al.1976; Sreenivasan et al.1979),
grid turbulence (e.g. Tong and Warhaft1994), and
numerical simulations (e.g. Pumir1994; Holzer and Siggia
1994; Celani et al. 2000; Schumacher and Sreenivasan
2003). An advantage of multipoint correlators is that the
spatial orientation of scalar Þlaments can be analyzed while
the scaling exponent properties are retained. Therefore,
multipoint correlators naturally extend traditional research
methods and provide a framework to probe the scalar Þeld
for the spatial orientation of the scalar Þlaments. The
current study experimentally focuses on analyzing three-
point correlation functions of concentration ßuctuations in
a turbulent shear ßow.

In pursuit of symmetry and scaling properties of multi-
point correlations, Shraiman and Siggia (1995, 1996,
1998), Pumir (1998), and Celani and Vergassola (2001)
theoretically and numerically explored idealized turbulent
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ßow Þelds. Shraiman and Siggia (1995) employed the Hopf
equation to derive the three-point correlation function. In
the inertial-convective subrange, each solution can be fully
described using scaling exponents (Shraiman and Siggia
1996, 2000; Mydlarski et al.1998). The general conclusion
of these studies is that anomalous scaling of the scalar Þeld
is seemingly universal and indicates the persistence of
small-scale anisotropy.

Experimental efforts to verify the theoretical predictions
have been limited to the three-point correlation measure-
ments of a nearly homogeneous and isotropic turbulent
ßow Þeld (Mydlarski and Warhaft1998; Mydlarski et al.
1998). The sampling conÞguration employed two cold wire
probes arranged with transverse spacing. TaylorÕs frozen
turbulence hypothesis was employed to transform one of
the time records to a spatial displacement in the ßow
direction, hence deÞning three points for evaluation of the
correlation function. The resulting coordinate system is
depicted in Fig.1. The modiÞed coordinate system shown
in Fig. 1b was introduced because Mydlarski and Warhaft
(1998) observed symmetry about the linex2 = 2x1.
Mydlarski and Warhaft (1998) concluded that the observed
symmetry is a result of the presence of ramp-cliff struc-
tures. Since ramp-cliff structures appear in shear ßows as
well as non-shear ßows, they speculate that the symmetric
behavior may indeed be universal to all turbulent ßows
(with a mean scalar gradient). Warhaft (2000) further states
that many of the same features of three-point correlation
functions are expected in shear ßows, but quantitative
differences are unknown.

The purpose of this study is to employ multipoint cor-
relation functions to examine the small-scale behavior of a
high Schmidt number passive scalar Þeld in a turbulent
boundary layer (shear ßow). To date, Mydlarski and
Warhaft (1998) reported the only experimental data (low
Schmidt number, non-shear ßow) for multipoint correlation
functions to complement the theoretical and numerical
efforts of Shraiman and Siggia (2000) and others. The
current research provides an experimental examination of

the effect of the initial injection length scale and Reynolds
number. As a Þrst step, two-point correlations of the ßuc-
tuating scalar Þeld are analyzed to estimate the integral
length scale and compare to previous results. The three-
point correlation functions of the ßuctuating scalar Þeld are
examined to determine the scaling exponent properties,
extract geometric relationships of the scalar Þlaments, and
evaluate the small-scale structure of the concentration Þeld.

2 Experimental method

Concentration Þeld data were collected for non-buoyant
plumes released from an elevated point source in a tur-
bulent boundary layer. The turbulent boundary layer was
developed in a smooth-bed, tilting ßume (1.07 m wide by
24.4 m long). Data were collected for three Reynolds
numbers (Re = UH/m = 5,000, 10,000, and 20,000, where
U is the bulk velocity,H is the channel depth, andm is
the ßuid kinematic viscosity). The bed slope and tail gate
were adjusted for each Reynolds number to create a
uniform ßow depth ofH = 100 mm. The ßume head box
contained bafßes, screens, and geosynthetic fabric to
create a transverse uniform ßow entering the channel
with low turbulence intensity. Measurements of the pas-
sive scalar Þeld were obtained 23 m from the channel
inlet to ensure the turbulent boundary layer was fully
developed. A coordinate system was deÞned such thatx

was the streamwise direction,y was the bed-normal
direction, andz was the transverse direction spanning the
channel. The origin of all coordinates was deÞned at the
point source of the scalar Þeld (described further below).
Since the ßow was fully developed (x-direction) and
transversely uniform (z-direction), the velocity Þeld was
inhomogeneous only in the bed-normal (y) direction. As
shown in Fig.2, the measured mean velocity proÞles
agree very well with the law-of-the-wall proÞle (j = 0.41
and C = 5.5). The Reynolds stress proÞles (shown in
Dasi et al.2007) also agree with previous measurements
of Tachie et al. (2003) and DNS results of Spalart (1988)
for similar Reh. The ßow characteristics are summarized
in Table1.

The turbulent passive scalar Þeld was developed through
the iso-kinetic release of a high Schmidt number dye
(Rhodamine 6G,Sc = m/C & 1,250,m = 1 9 10-6 m2/s,
and C & 8 9 10-10 m2/s) into the inertial layer of the
turbulent boundary layer. The center of the release nozzle
was located 50 mm above the bed surface (y+ = 160, 320,
and 530, respectively for the threeRe cases) along the
ßume centerline. Three nozzle diameters (D = 2.2, 4.7, and
9.4 mm, corresponding toD/H = 0.022, 0.047, and 0.094,
respectively) were employed. In each case, a streamlined
fairing was attached to the release nozzle to minimize the

Fig. 1 Coordinate system employed by Mydlarski and Warhaft
(1998) for the analysis of the three-point correlation of the scalar
ßuctuations.a coordinate system, andb modiÞed coordinate system
deÞned by x01; x02

� �
¼ x1 � 0:5x2; x2ð Þ
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wake perturbation. The iso-kinetic release and streamlined
fairing minimized the shear ßow generated by the scalar
release nozzle. Therefore, the subsequent mixing process
was a result of the fully developed turbulent boundary layer
ßow. We generally expect that the properties of the scalar
Þeld will be inßuenced by the nozzle diameter, especially
in the vicinity of the release location. An example ßow
visualization image is shown in Fig.3.

The current study analyzes two cases of the collected
data. The Þrst case considers the effects of the injection
length scale in the presence of a constant Reynolds num-
ber (i.e. Re = 10,000; D = 2.2, 4.7, and 9.4 mm). The
second case analyzes the effects of different velocity Þelds
in the presence of a constant injection length scale

(i.e. D = 4.7 mm; Re = 5,000, 10,000, and 20,000). The
ßuctuating scalar Þeld associated with each case was
measured at six distances downstream from the release
location: x = H, 2.5 H, 5 H, 10 H, 20 H, and 40H.

The concentration Þeld was quantiÞed with the planar
laser-induced ßuorescence (PLIF) technique. The ßuores-
cent tracer (Rhodamine 6G) was released iso-kinetically to
create a plume as described above. An Argon-ion laser
beam (514 nm, Coherent Innova 90) was focused at the
measurement location (50 mm above the ßume bed) using
a 69 beam expander and a 2 m focal length symmetrical
convex lens. The beam 1/e2 waist diameter was measured
as approximately 80lm, and the Rayleigh length corre-
sponding to this conÞguration was calculated as 20 mm.
The laser sheet was formed by sweeping the laser beam
through the measurement region (x - y plane) using
scanning mirrors. The scanning system consisted of a
mirror mounted on a galvanometer (Cambridge Technol-
ogy) positioned above the water surface. A National
Instruments multifunction input/output board generated the
voltage signal that controlled the mirror position. The scan
time of 3 ms ensured sufÞcient illumination of the tracer
Þeld while limiting the horizontal distortion of the dye
Þlaments due to advection to less than 3% for the fastest
ßow (Re = 20,000). The distortion was less for the slower
ßow cases with a maximum of 1.5 and 0.75% for
Re = 10,000 and 5,000, respectively.

The emitted light was collected with a 12-bit CCD
camera with 13929 1024 pixels (LaVision). A long-pass
optical Þlter (Tiffen Orange 21) was used to eliminate
scattered laser light from the images. A Nikon MicroNikkor
macro lens (200 mm) provided an image resolution of
approximately 13lm/pixel. The image resolution was
comparable to the Batchelor length scale (Table1),
whereas the laser sheet thickness was larger. 12,000
instantaneous images were captured at each of the six
downstream distances for each plume at a rate of 10 frames
per s.

To calibrate the PLIF measurement system, the mea-
surement area was sequentially ßooded with uniform
solutions of at least eight prescribed concentrations ranging
from 0Ð100lg/L of Rhodamine 6G. The average pixel
intensity was calculated based on a series of 200 images
captured for each uniform solution. The calibration images
were corrected for laser attenuation due to the presence of
Rhodamine 6G (Ferrier et al.1993). For each pixel in the

Fig. 2 Normalized mean velocity proÞles. Data adapted from Dasi
et al. (2007)

Table 1 Summary of the ßow characteristics

Re D
(mm)

u*
(mm/s)

g
(lm)

gB

(lm)

d Uh i
dy

(1/s)
u0

(mm/s)
Rek D/g

5,000 4.7 3.25 760 24 0.18 5.3 60 6.2

10,000 2.2 5.2

10,000 4.7 6.4 420 13 0.38 11.8 90 11.1

10,000 9.4 22.4

20,000 4.7 10.6 290 9 0.70 19.1 120 16.2

The Kolmogorov microscale was estimated asg � m3

e

� �1=4
; and the

Batchelor scale was estimated asgB � m C2

e

� �1=4
: The turbulent kinetic

energy dissipation rate was based on scaling estimates of the turbu-
lence intensity and integral length scale.d Uh i

dy and u0 are the mean
velocity gradient and velocity rms, respectively, at the nozzle
elevation

Fig. 3 Dye visualization image forRe = 10,000 andD = 4.7 mm.
The ßow direction is left to right
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camera array, a linear regression analysis was employed to
derive the relationship between the dye concentration and
the corrected pixel intensity. These calibration functions
were subsequently used to convert the raw images of the
plume structure to concentration Þeld data.

Measurement uncertainty came from errors in deter-
mining the concentration of the calibration ßuid and the
errors due to digitization in the camera. The error in the
calibration ßuid concentration was estimated to be less
than ±2.5%. The worst case digitization error was for
the lower end of the pixel intensity range and was
estimated to be±3% for the collected data. Combining
these estimates, the overall bound for the individual
concentration measurements was less than±4%.

Two- and three-point correlation functions were cal-
culated by direct evaluation of Eq.1 using the PLIF
concentration Þelds. To increase the number of samples,
the correlation function was calculated for many pixel
locations within a small spatial region for each instan-
taneous concentration Þeld. The spatial region
corresponds to a 5129 512 pixel (6.69 6.6 mm) region
near the center of the image (shown in Fig.4). This
region was deÞned because the mean concentration
gradient ðd Hh i=dyÞ was nearly constant within these
boundaries. The uniform mean concentration gradient
region was preferred to ensure that large-scale charac-
teristics of the concentration Þeld were uniform
throughout the region. Figure5 shows the mean con-
centration proÞles for theRe = 10,000 andD = 4.7 mm
case, which demonstrates the nearly constant mean
concentration gradient in the deÞned sub-region. Figure5
also shows that the mean concentration gradient
decreases with distance from the source as the concen-
tration Þeld becomes more dilute and homogeneous due
to turbulent mixing. The mean ßow advected individual
Þlaments beyond the limits of the measurement region
between consecutive images, and the advected length
was also large compared to the integral length scale.
Hence, the structure in each Þeld was unique from the
previous Þeld and the samples were statistically inde-
pendent. The calculation procedure increased the number
of samples (of the correlation function) to several mil-
lion; the exact number was dependent on the multipoint
conÞguration. For instance, 500 evaluations of the cor-
relation function in each instantaneous Þeld yielded 6
million total samples, which was the smallest number of
samples of the reported data. We calculated the standard
error of the correlation calculation as a function of the
number of samples. In each case, the standard error
converged to a constant value for the number of samples
included. The results indicate that for 6 million samples
the standard error of the average correlation function was
less than 4%.

3 Characteristics of the ßuctuating concentration Þeld

As apparent in Fig.3, the scalar Þeld possesses large-scale
intermittency. Figure6 shows proÞles of the intermittency
factor along the centerline of the plume. Chatwin and
Sullivan (1989) deÞne the intermittency factor as the
fraction of time that the scalar concentration is greater than
a threshold value. In Fig.6, the threshold value is equal to

Fig. 4 The measurement region (shaded area) associated with
x* = 0.1, 0.25, 0.5, 1.0, 2.0, and 4.0 m. In the measurement region,
the mean concentration gradient is nearly constant at eachx* location

Fig. 5 Concentration proÞles forRe = 10,000 andD = 4.7 mm.
H�h i is the local spatially averaged value, which centers the

normalized proÞles around unity for comparison
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the mean concentration. The Þgure shows an initial
decrease of intermittency factor (from the initial value of
1.0) reaching a minimum value followed by a gradual
increase toward the value of 0.5 (corresponding to a
Gaussian distribution). In general, the intermittency factor
in this range increases with both Reynolds number and
injection length scale. Therefore, concentrated dye Þla-
ments are encountered more frequently at a point in the
Þeld with increasing Reynolds number or increasing
injection length scale.

As a preliminary description of the ßuctuating concen-
tration Þeld, Fig.7 shows PDFs of the scalar ßuctuations
normalized by the standard deviation and the one-dimen-
sional longitudinal power spectra of the passive scalar Þeld at
six distances from the source nozzle. Here, we present data
for Re = 10,000 andD = 4.7 mm, and the other cases are
available in Dasi (2004). Figure7a shows the evolution of
the PDF from bi-modal near the source nozzle to that with an
elongated tail. Fluctuations greater than 40 standard devia-
tions were observed. The length of the tail of the PDF appears
to grow with increasing distance from the source. Also, the
PDF distributions appear to collapse on the same normalized
trend with increasing distance from the source. Although the
PDFs of the scalar derivatives are not shown here, the
skewness of the scalar derivative in both the longitudinal and
vertical directions was on the order of one for this scalar Þeld.

In Fig. 7b, each power spectrum shows evidence of
scaling behavior in the inertial-convective range. The slope
of the spectrum in the inertial-convective range roughly
matches the traditionalkx

-5/3 proÞle except for the spectrum
located closest to the source (x/H = 1), which decreases
more rapidly in this regime and appears to be inßuenced by
the source nozzle dimension. There is a transition around

the wave-number corresponding to the Kolmogorov length
scale with greater magnitude of the spectral slope appear-
ing in the viscous-convective regime. The spectral proÞles
appear nearly parallel in the viscous-convective regime
without signiÞcant variation with distance from the source.

4 Two-point correlation of the concentration
ßuctuations

The two-point correlation function of the ßuctuating scalar
Þeld was calculated for the plane deÞned by the streamwise

Fig. 6 Centerline proÞles of the intermittency factor based on a
threshold equal to the local time-averaged concentration

Fig. 7 a Probability density functions of the scalar ßuctuations
normalized by the standard deviation, andb longitudinal spectra of
the ßuctuating scalar Þeld forRe = 10,000 andD = 4.7 mm
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and wall-normal directions (i.e. thex - y plane). In an
isotropic scalar Þeld, the two-point correlation contours in
the x - y plane would be symmetric, concentric circles.
Tavoularis and Corrsin (1981) reported that the contours
develop a tilted, asymmetric, elliptical shape as a result of
the mean velocity shear. The tilted orientation of the two-
point correlation function results from the mean velocity
shear tilting and stretching the scalar Þlaments into a
preferential orientation.

The two-point correlation contours in the current study
also exhibit the characteristic elliptical shape that develops
as the mean velocity shear acts on the scalar Þeld. Figure8
illustrates the transformation of the two-point correlation
contours as the scalar Þeld evolves downstream. In Fig.8,
ri denotes the spatial separation vector of the two points
(where i takes the value of 1 or 2 to represent the
streamwisex or wall-normal y directions, respectively).
The untilted, elliptical shape observed for the contours in
Fig. 8a appears to be a result of the tracer injection method.
The iso-kinetic release of the tracer preferentially aligns the
scalar Þlaments with the streamwise direction. As a result,
the major axis of the elliptical contour shape is aligned
with the streamwise direction.

Figure8b shows that as the plume evolves downstream
and the mean velocity gradient acts on the scalar Þeld, the
two-point correlation contours develop a tilted, elliptical
shape. As the scalar Þeld is advected downstream, the
effects of the tracer injection method diminish at these
length scales and the alignment of the two-point correlation
contour is dictated by the mean velocity shear. The mean
velocity shear preferentially tilts the Þlament structure, and
the characteristic oval shape of the correlation contours
correspondingly tilts. This behavior was observed for each
injection length scale and each Reynolds number and is
consistent with the data reported by Tavoularis and Corrsin
(1981).

5 Integral length scale of the scalar Þeld

The integral length scale,lL, describes the separation dis-
tance beyond which the correlation of the concentration
ßuctuations is poor:

lL ¼
Z1

0

C2ðrÞ
h2

A

� � dr ð2Þ

where C2 ¼ hAhBh i is the two-point correlation function
andr is the distance between the two points. Physically, the
integral length scale is related to the size of the Þlaments
because samples collected from within the same Þlament
would be well-correlated. Figure9 summarizes the results
of the integral length scale calculations in the streamwise

and wall-normal directions. Close to the release location (x/
H = 1), the integral length scale in the streamwise direction
is greater than the integral length scale in the wall-normal
direction (Fig.9a). Again, the difference arises from the
preferential alignment with the streamwise direction of the
scalar Þlaments near the release location (see Fig.8a). At
intermediate downstream distances (2.5\ x/H \ 10), the
integral length scale associated with the streamwise and
wall-normal directions approach equivalent values. At
these intermediate downstream distances, the integral

Fig. 8 Contours of the two-point correlation function of the ßuctu-
ating scalar ÞeldðC2= h2

A

� �
Þ for Re = 10,000 andD = 4.7 mm at

a x/H = 1, andb x/H = 40
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length scale is weakly dependent on the Reynolds number,
but appears to strongly depend on the injection length
scale. This intermediate phase may be interpreted as the
region where an initially well aligned scalar Þeld has been
mixed by a few eddy turnovers resulting in a distribution of
Þlaments with random orientation. Therefore, the integral
length scales in both directions approach the same value
(i.e. the points closest to the dashed line in Fig.9a). As the
scalar Þeld evolves further (x/H [ 20), the integral length
scale associated with each direction remains roughly con-
stant or increases slightly as the inßuence of the mean
velocity shear becomes more dominant. When the integral
length scale is scaled by the injection length scale (i.e. the
release nozzle diameter), the normalized integral length
scale is smallest for the larger injection size (D = 9.4 mm)
and largest for the smaller injection size (D = 2.2 mm) for
all distances from the release location (Fig.9b). Hence, the
larger injection length scale yields relatively smaller Þla-
ments in the plume. This trend results from the relative size
of the turbulent eddies compared to the initial Þlament size.
As the source nozzle size increases, the range of turbulent
eddies stirring the Þlament increases (for the sameRe),
thus generating relatively Þner scalar structure. The inte-
gral length scale is used in subsequent three-point
correlation calculations to specify the spacing of the sam-
ple points.

6 Three-point correlations of the concentration
ßuctuations

The advantage of the current measurement approach is that
the planar concentration data allows for direct examination
of many geometric arrangements of the three points deÞned
for the correlation function calculation. SpeciÞcally, the
size, shape, and orientation of the triangle formed by the
three points can be varied over a large parameter space.
Nevertheless, as a Þrst step in the evaluation of the three-
point correlation functions, the point conÞguration of
Mydlarski and Warhaft (1998) is employed. Examining the
Mydlarski and Warhaft (1998) conÞguration facilitates a
comparison to the previous experimental data and an
extension of their observations to shear ßows.

6.1 ConÞguration of Mydlarski and Warhaft (1998)

As discussed in theIntroduction, Mydlarski and Warhaft
(1998) analyzed three-point correlations of the ßuctuating
scalar Þeld for a nearly homogeneous and isotropic ßow
Þeld. The point conÞguration was developed using two
cold wire probes and TaylorÕs frozen turbulence hypothe-
sis. Figure1 illustrates the three-point geometry, which

consists of reference point C, point B displaced in the
streamwise direction a distancex2, and point A displaced in
the streamwise direction a distancex1 and in the wall-
normal direction a distanceY. For the current evaluation of
the planar concentration data, the Taylor frozen turbulence
hypothesis is not needed. The appropriate wall-normal
separation distance,Y, was speciÞed based on the integral
length scale such thatY=lL ffi 0:05: This value is compa-
rable to that employed by Mydlarski and Warhaft (1998)
who reported data forY=lL ffi 0:043;0:051; and 0.13.

Fig. 9 Integral length scale of the scalar Þeld in the streamwise and
wall-normal directions.a Dimensional, andb normalized by the
release nozzle diameter
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Figure10 show contours of the correlation function in
the modiÞed coordinate system,x01 and x02 for three dis-
tances from the release location. The three-point
correlation, hAhBhCh i; is normalized by the negative cor-
relation evaluated atx01 = x02 = 0 (i.e. the contours
represent � hAhBhCh i

�
hAh2

C

� �
¼ �C3

�
hAh2

C

� �
Þ: In all

cases, the innermost contours are nearly symmetric, con-
centric, circular shapes. The size of the innermost contours
constricts slightly with increasingRe, which suggests that
smaller separation distances are required to maintain a
signiÞcant correlation between the three points. The out-
ermost contours appear close to symmetric about both
x01 = 0 andx02 = 0; however, the shape varies depending
on the ßow conditions. Note the hexagonal shape associ-
ated with the outermost contours in Fig.10a atx/H = 1 and
the V-shape that the outermost contours exhibit in Fig.10d
at x/H = 1. ÔÔV-shapeÕÕ refers to the shape of the contours
for x02 [ 0 centered aroundx01 = 0 (a similar contour
shape is observed in inverted form forx02\ 0). Most of the
contour Þelds exhibit a basic hexagonal shape for the outer
contours. The shape of the hexagonal contour is slightly
concave in many cases shown in Fig.10, which suggests
that the contour pattern is tending toward the ÔÔV-shapeÕÕ
that is most clearly observed in Fig.10d at x/H = 1.

Figure10 also demonstrates the behavior of the three-
point correlation contours as the scalar Þeld evolves
downstream. In all cases, the innermost contours constrict
and the symmetric, concentric, circular shape remains as
the mean velocity shear acts on the scalar Þeld. The out-
ermost contours become distorted, but the symmetry
remains basically intact (both aboutx01 = 0 andx02 = 0).
The contours that demonstrate the poorest symmetry cor-
responds to theRe = 10,000,D = 2.2 mm case atx/H = 40
(Fig. 10b). For the Re = 10,000, D = 9.4 mm case
(Fig. 10d), the V-shape pattern of the outer contours
evolves toward the hexagonal pattern with increasing dis-
tance from the release location.

The results of the current study indicate that the V-shape
contour pattern emerges but does not exhibit all the prop-
erties reported by Mydlarski and Warhaft (1998). Possible
reasons for the differences include asymmetry in the wall-
normal direction and skewness of the scalar signal. The
mean velocity shear in the current study leads to asym-
metry in the wall-normal direction. Thus, if the scalar
gradient is ßipped, the third-order statistics will change due
to the mean velocity gradient. In contrast, Mydlarski and
Warhaft (1998) reported that odd symmetry in the
y-direction existed in their data. In addition, they reported
that the correlation function should be zero when the three
points form an equilateral triangle. This condition is a
consequence of the imposed symmetry required to derive
the three-point correlation function based on the structure
function. Mydlarski and Warhaft (1998) calculated the

structure function as a surrogate for the correlation function
because of concerns regarding measurement drift between
the cold wire probes. Due to the direct evaluation of the
correlation function and lack of symmetry in they-direc-
tion in the current data, the correlation function was not
zero for the equilateral triangle conÞguration. In addition,
as part of the derivation relating the structure function to
the correlation function, Mydlarski and Warhaft (1998)
assumed the scalar (signal) skewness was zero, which was
consistent with their data. As suggested in Fig.7a, the
scalar (signal) skewness is non-zero and is as large as 40 in
some cases for the current data. The asymmetry of the
concentration ßuctuations is further demonstrated by the
intermittency factor shown in Fig.6.

6.2 ConÞguration based on the shape function

As mentioned above, the current data facilitate evaluation
of arbitrary three point conÞgurations in the measured
plane, without relying on assumptions such as the validity
of the Taylor frozen turbulence hypothesis. The three-point
correlation of the ßuctuating scalar Þeld depends on the
location of unique points in space because of the relative
orientation of the Þlament structure. As a result, the cor-
relation function is dependent on the size, shape, and
orientation of the triangle formed by the three points.
Celani and Vergassola (2001) reported that the three-point
correlation function can be formulated as:

C3 ¼ hAhBhCh i
¼ Rf3f ðv;wÞ cosuþ Subdominant higher order terms

ð3Þ

where f(v, w) describes the effects of different triangular
shapes,/ describes the orientation of the triangle with
respect to the mean scalar gradient, andf3 is the scaling
exponent of the global size variable,R (a characteristic
length scale of the triangle formed by the three points):

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

AB þ r2
BC þ r2

CA

3

r

ð4Þ

whererij is the distance between the pointsi and j.
The parameters associated with the shape factor,v and

w, are deÞned using the Euler parameterization described
by Shraiman and Siggia (1998) and Pumir (1998). Using
the following deÞnitions:

q~1 ¼
r~1 � r~2ffiffiffi

2
p and q~2 ¼

r~1 þ r~2 � 2r~3ffiffiffi
6
p ð5Þ

where the spatial locations of pointsA, B, and C are
denoted asr~1; r~2; and r~3; respectively, the parameters
associated with the shape factor are:
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Fig. 10 Contours of the three-point correlation function of the
ßuctuating scalar Þeldð�C3

�
hAh2

C

� �
Þ for three distances from the

release location fora Re = 5,000 andD = 4.7 mm, b Re = 10,000

andD = 2.2 mm,c Re = 10,000 andD = 4.7 mm,d Re = 10,000 and
D = 9.4 mm, ande Re = 20,000 andD = 4.7 mm. The correlation
geometry is shown in Fig.1
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v ¼ 1
2

tan�1 2q~1 � q~2

q~2j j2 � q~1j j2

" #

ð6Þ

and

w ¼ 2
q~1 � q~2j j

R2 ¼ 2
q11q22� q12q21ð Þ

R2 ð7Þ

The deÞnitions forv and w are advantageous because the
three-point geometric conÞguration is completely descri-
bed by these two parameters. In addition,v andw remain
constant as the triangular conÞguration is translated, rota-
ted, and dilated.

The objective is to evaluate the effects of the size and
orientation of the three-point conÞguration in the inertial-
convective regime. The scaling behavior of the three-point
correlation functions provides improved understanding of
the local structure of the scalar Þeld in comparison to tra-
ditional two-point correlation or power spectrum analysis.
Two conÞgurations are examined: an isosceles triangle and
a collinear arrangement. Figure11a illustrates the isosceles
triangle geometric conÞguration analyzed in the current
study. The shape factor parameters associated with the
isosceles geometric conÞguration arew = 0.866 andv = 0.
Similarly, Fig. 11b depicts the conÞguration considered for
the collinear geometry. The shape factor parameters for the
collinear geometric conÞguration arew = 0 andv ¼ p=6:
These conÞgurations were rotated and dilated to investigate
the inßuence on the orientation angle and the distance
between the measurement points. The reported rotation
angles correspond to the clockwise direction. When eval-
uating the exponent, the inertial-convective range was
deÞned as the range between the integral length scale (a
representative value of 1.5 mm was employed, see Fig.9)
and the case dependent Kolmogorov length scale (Table1).
The exponent was determined via a regression of the cor-
relation function data within the deÞned length scale range.
The worst caseR2 value of the regression was 0.983 and
the value was typically greater than 0.99. The standard
error of the exponent estimate was less than 3%.

6.2.1 Isosceles configuration

Figure12 illustrates that the three-point correlation func-
tion for the isosceles conÞguration is approximately equal
for each rotation angle. This indicates that the three-point
correlation function is nearly independent of the angle
between the three-point geometry and the mean scalar
gradient for this case. The scaling exponent associated with
the global size variable in the inertial-convective regime
(Eq. 3) is reported in Fig.13. Although the scaling expo-
nents are similar in magnitude, there is no suggestion of a
universal value.

The dependence of the scaling exponents on the orien-
tation angle and distance from the source provides insights
into the local structure of the anisotropic scalar Þeld that
traditional two point correlation function or power spec-
trum analysis does not provide. As shown in Fig.13a, close
to the release location the scaling exponents suggest that
the local structure is nearly isotropic for theD = 9.4 mm
case with minimum variation with respect to orientation
angle. In contrast, theD = 2.2 mm case shows dependence
of the scaling exponent on the orientation angle. In general,
the scaling exponent tends to increase in magnitude with
increasing intermittency factor. The observed larger mag-
nitudes of scaling exponent for theD = 2.2 mm case
correlates with the higher intermittency factor shown in
Fig. 6. Another important observation in Fig.13a is that
the scaling exponent values for all cases are nearly equal
for 0� and 180�. Similarly the 90� and 270� conÞgurations
yield roughly equivalent results. However, there exist clear
variations between the 0�/180� and 90�/270� scaling
exponents. These variations show that the local structure of
the scalar Þeld, while demonstrating symmetry in the
horizontal and vertical directions as shown by equivalence
in 90�/270� and 0�/180� cases, is clearly not rotationally
invariant.

At intermediate downstream distances (2.5\ x/H \ 10),
a trend emerges that indicates the scaling exponent is
roughly independent of the Reynolds number and
dependent on the injection length scale. Note in Fig.13a
that the scaling exponent associated with the different
Reynolds numbers are nearly equal, although the expo-
nent for theRe = 20,000 case deviates somewhat from the
others. The scaling exponents associated with the differ-
ent injection length scales are distinctly different: as the
injection length scale increases, the magnitude of the
scaling exponent decreases due to differences in
intermittency.

Farther downstream (x/H [ 20), the previously noted
trends dissolve. As shown in Fig.13b, the scaling expo-
nents depend on all parameters. The signiÞcant differences
between the 0�/180� and 90�/270� pairs show that the ini-
tial horizontal and vertical symmetry (indicated in
Fig. 13a) is absent farther downstream. Also, the nozzle
diameter case (D = 9.4 mm) that produced relatively iso-
tropic scalar structure near the release location (Fig.13a),
lacks this quality farther downstream (Fig.13b). This has
profound implications as it demonstrates that a turbulent
scalar Þeld that is locally isotropic in the inertial convec-
tive regime cannot sustain isotropy under the action of
turbulent shear dispersion. Another interesting observation
is that the variation of the scaling exponent among the
nozzle sizes is lower in Fig.13b compared to in Fig.13a.
This diminishing dependence on nozzle size shows that the
large-scale anisotropy imposed on the small-scale structure
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by the varying nozzle size reduces downstream. Further,
note that the dependence on nozzle size shown in Fig.13b
is non-monotonic, in contrast to that seen in Fig.13a. It is
difÞcult to explain this trend from the current data, but we
should note that the non-monotonic dependence with
respect to nozzle size is also observed in the intermittency
factor plot atx/H = 40 (Fig.6).

6.2.2 Collinear configuration

For the collinear conÞguration, the magnitude of the three-
point correlation function appears sensitive to the rotation
angle (Fig.14). In general, the lowest value of the corre-
lation function is associated with the 45� and the 90�
rotation angles. Although there is no clear relationship
between the value of the correlation function and the ori-
entation angle, several trends exist. Close to the release
location (x/H = 1, not shown), the largest correlation val-
ues are associated with the 0� rotation angle and the lowest
correlation values correspond to the 90� rotation angle.
This condition is a result of the tracer injection method.
The iso-kinetic release of the tracer preferentially aligns the
scalar Þlaments with the streamwise direction. As a result,
the collinear conÞguration that is aligned with the
streamwise direction (i.e. 0�) leads to the largest correlation
values. As the scalar Þeld evolves downstream, the effects
of the injection method diminish, and the behavior of the
scalar Þeld is dominated by the mean velocity shear.
Therefore, the conÞguration that aligns with the mean
velocity gradient is expected to produce larger correlation
values. Figure14a conÞrms the expected results: note that
the largest correlation value is associated with the-45�
rotation angle, and the smallest correlation values

correspond to the +45� rotation angle. The orientation
angle continues to affect the value of the three-point cor-
relation function farther downstream (Fig.14b). As a
general observation, the effects of the orientation angle
appear to have less inßuence on the correlation values
corresponding to the highest Reynolds number and the
largest injection length scale (i.e. the scalar Þeld is more
isotropic).

Additional trends were examined in terms of the scaling
exponent for the global size variable (Eq.3). Although the
scaling exponents are similar in magnitude (and similar to

Fig. 11 a The isosceles triangle conÞguration geometry, andb the
collinear conÞguration geometry of the three-point correlation
function. The sketched orientations correspond to 0� rotation, and
other angles correspond to the clockwise rotation convention

Fig. 12 Three-point correlation function of the ßuctuating scalar
Þeld for the isosceles conÞguration forRe = 10,000 andD = 4.7 mm
at a x/H = 5, andb x/H = 40. The correlation geometry is shown in
Fig. 11a
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that observed in Fig.13), there is no discernable convergence
to a universal value (Fig.15). At intermediate downstream
distances (2.5\ x/H \ 10), the data suggests that the scaling
exponent is roughly independent of the Reynolds number and
dependent on the injection length. Figure15a illustrates that
as the injection length scale increases, the magnitude of the
scaling exponent decreases. This trend was also observed for
the isosceles geometric conÞguration. The trend with injec-
tion length scale is less apparent farther downstream, i.e.
x/H [ 20 (Fig.15b). The current results agree fairly well

with the theoretical predictions by Falkovich et al. (2001),
which indicate an exponent of-2 for the collinear conÞgu-
ration. In all cases, the exponent in the current data was
between -0.9 and -2.

7 Conclusion

The current study evaluated multipoint correlation func-
tions for a passive scalar Þeld in a turbulent shear ßow. The

Fig. 14 Three-point correlation function of the ßuctuating scalar
Þeld for the collinear conÞguration forRe = 10,000 andD = 4.7 mm
at a x/H = 5, andb x/H = 40. The correlation geometry is shown in
Fig. 11b

Fig. 13 The scaling exponent in the inertial-convective regime of the
three-point correlation function for the isosceles conÞguration at
a x/H = 5, andb x/H = 40
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Þeld corresponds to the plume downstream of an elevated
release location in a fully developed open channel turbulent
boundary layer. Statistical averages were calculated by
ensemble-averaging over the period of the record and also
by spatially averaging over a region of the Þeld in which
the mean concentration gradient was constant. Two-point
correlations of the ßuctuating scalar Þeld were calculated
in the streamwise and wall-normal directions to estimate
the integral length scale in each direction. The two-point
correlation contours exhibit a tilted, asymmetric elliptical

shape that develops as a result of the mean velocity shear.
Therefore, the current study agrees with the experimental
results presented by Tavoularis and Corrsin (1981) and
illustrates the inherent anisotropic behavior of the scalar
Þeld.

The results of the Mydlarski and Warhaft (1998) con-
Þguration indicate that the contours of the three-point
correlation function were indeed symmetric in the modiÞed
coordinate system as previously reported for nearly
homogeneous and isotropic turbulent ßow. The symmetry
associated with well-correlated points was represented by
concentric, circular contours, which suggested universal
behavior of the ßuctuating scalar Þeld for well-correlated
points. The outermost contours maintain symmetric prop-
erties but evolved into a concave-sided hexagonal shape
that resembled the V-shape reported by Mydlarski and
Warhaft (1998). The effects of mean velocity shear and
scalar (signal) skewness may explain the less distinct
V-shape contour pattern that was observed for lower
Reynolds number and smaller nozzle diameter.

The current study also examined isosceles and collinear
three-point conÞgurations. The effects of the size and ori-
entation of the three-point template were evaluated because
the shape factor remains constant for a speciÞed geometric
conÞguration. In the inertial-convective regime, the ori-
entation angle affected the value of the correlation function
for the both isosceles and collinear conÞgurations indicat-
ing a fundamentally anisotropic Þeld. The scaling exponent
appeared to be roughly independent of the Reynolds
number and dependent on the injection length scale at
intermediate downstream distances (2.5\ x/H \ 10). The
scaling exponent varied between-0.9 and -2 regardless
of the three-point geometry.
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